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ON THE BOUNDEDNESS OF BERGMAN PROJECTION
JOSE´ A´NGEL PELA´EZ AND JOUNI RA¨TTYA¨
Abstract. The main purpose of this survey is to gather results on the bound-
edness of the Bergman projection. First, we shall go over some equivalent
norms on weighted Bergman spaces Ap
ω
which are useful in the study of this
question. In particular, we shall focus on a decomposition norm theorem for
radial weights ω with the doubling property
∫
1
r
ω(s) ds ≤ C ∫ 11+r
2
ω(s) ds.
1. Introduction
LetH(D) be the space of all analytic functions in the unit disc D = {z : |z| < 1}.
If 0 < r < 1 and f ∈ H(D), set
Mp(r, f) =
(
1
2pi
∫ 2π
0
|f(reit)|p dt
)1/p
, 0 < p <∞,
M∞(r, f) = sup
|z|=r
|f(z)|.
For 0 < p ≤ ∞, the Hardy space Hp consists of functions f ∈ H(D) such that
‖f‖Hp = sup0<r<1Mp(r, f) <∞. A nonnegative integrable function ω on the unit
disc D is called a weight. It is radial if ω(z) = ω(|z|) for all z ∈ D. For 0 < p <∞
and a weight ω, the weighted Bergman space Apω is the space of f ∈ H(D) for
which
‖f‖p
Apω
=
∫
D
|f(z)|pω(z) dA(z) <∞,
where dA(z) = dx dy
π
is the normalized Lebesgue area measure on D. That is,
Apω = L
p
ω ∩ H(D) where Lpω is the corresponding weighted Lebesgue space. As
usual, we write Apα for the standard weighted Bergman space induced by the radial
weight (1− |z|2)α, where −1 < α <∞ [15, 19, 37]. We denote dAα = (α+1)(1−
|z|2)α dA(z) and ω(E) = ∫
E
ω(z) dA(z) for short. The Carleson square S(I) based
on an interval I ⊂ T is the set S(I) = {reit ∈ D : eit ∈ I, 1− |I| ≤ r < 1}, where
|E| denotes the Lebesgue measure of E ⊂ T. We associate to each a ∈ D \ {0}
the interval Ia = {eiθ : | arg(ae−iθ)| ≤ 1−|a|2 }, and denote S(a) = S(Ia).
If the norm convergence in the Bergman space A2ω implies the uniform conver-
gence on compact subsets, then the point evaluations Lz (at the point z ∈ D)
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are bounded linear functionals on A2ω. Therefore, there are reproducing kernels
Bωz ∈ A2ω with ‖Lz‖ = ‖Bωz ‖A2ω such that
Lzf = f(z) = 〈f, Bωz 〉A2ω =
∫
D
f(ζ)Bωz (ζ)ω(ζ) dA(ζ), f ∈ A2ω.
Since A2ω is a closed subspace of L
2
ω, we may consider the orthogonal Bergman
projection Pω from L
2
ω to A
2
ω, that is usually called the Bergman projection. It is
the integral operator
Pω(f)(z) =
∫
D
f(ζ)Bωz (ζ)ω(ζ)dA(ζ).
The main purpose of these lectures is to gather results on the inequality
‖Pω(f)‖Lpv ≤ C‖f‖Lpv . (1.1)
We shall also provide a collection of equivalent norms on Apω which have been used
to study this problem. A solution for (1.1) is known for the class of standard
weights ω(z) = (1− |z|2)α and 1 < p <∞;
Pα(f)(z) = (α + 1)
∫
D
f(ζ)(1− |ζ |2)α
(1− zζ)2+α dA(ζ), α > −1,
is bounded on Lpv if and only if
v(z)
(1−|z|2)α belongs to the Bekolle´-Bonami class Bp(α)
[7, 8]. We remind the reader that v ∈ Bp(α) if
Bp,α(v) = sup
I⊂T
(∫
S(I)
v(z) dAα(z)
)(∫
S(I)
v(z)
−p′
p dAα(z)
) p
p′
Aα(S(I))p
<∞. (1.2)
It is worth mentioning that the above result remains true replacing Pα by its
sublinear positive counterpart
P+α (f)(z) = (α+ 1)
∫
D
|f(ζ)|(1− |ζ |2)α
|1− zζ|2+α dA(ζ).
Roughly speaking, this means that cancellation does not play an essential role in
this question.
The situation is completely different when ω is not a standard weight, because
of the lack of explicit expressions for the Bergman reproducing kernels Bωz . If ω is
a admissible radial weight, then the normalized monomials z
n√
2
∫ 1
0
r2n+1ω(r) dr
, n ∈
N ∪ {0}, form the standard orthonormal basis of A2ω and then [37, Theorem 4.19]
yields
Bωz (ζ) =
∞∑
n=0
(ζz¯)n
2
∫ 1
0
r2n+1ω(r) dr
, z, ζ ∈ D. (1.3)
This formula and a decomposition norm theorem has been used recently in order
to obtain precise estimates for the Lpv-integral of B
ω
z , see Theorem 13 below. This
is a key to tackle the two weight inequality (1.1) when ω and v belong to a certain
class of radial weights [32].
If ω is not necessarily radial, the theory of weighted Bergman spaces is at its
early stages, and plenty of essential properties such as the density of polynomials
(polynomials may not be dense in Apω if ω is not radial, [30, Section 1.5] or [15,
p. 138]) have not been described yet. Because of this fact, from now on we shall
be mainly focused on Bergman spaces induced by radial weights.
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Throughout the paper 1
p
+ 1
p′
= 1. Further, the letter C = C(·) will denote
an absolute constant whose value depends on the parameters indicated in the
parenthesis, and may change from one occurrence to another. We will use the
notation a . b if there exists a constant C = C(·) > 0 such that a ≤ Cb, and
a & b is understood in an analogous manner. In particular, if a . b and a & b,
then we will write a ≍ b.
2. Background on radial weights
We shall write D̂ for the class of radial weights such that ω̂(z) = ∫ 1|z| ω(s) ds is
doubling, that is, there exists C = C(ω) ≥ 1 such that ω̂(r) ≤ Cω̂(1+r
2
) for all
0 ≤ r < 1. We call a radial weight ω regular, denoted by ω ∈ R, if ω ∈ D̂ and
ω(r) behaves as its integral average over (r, 1), that is,
ω(r) ≍
∫ 1
r
ω(s) ds
1− r , 0 ≤ r < 1.
As to concrete examples, we mention that every standard weight as well as those
given in [4, (4.4)–(4.6)] are regular. It is clear that ω ∈ R if and only if for each
s ∈ [0, 1) there exists a constant C = C(s, ω) > 1 such that
C−1ω(t) ≤ ω(r) ≤ Cω(t), 0 ≤ r ≤ t ≤ r + s(1− r) < 1, (2.1)
and ∫ 1
r
ω(s) ds
1− r . ω(r), 0 ≤ r < 1.
The definition of regular weights used here is slightly more general than that in
[30], but the main properties are essentially the same by Lemma 1 below and [30,
Chapter 1].
A radial continuous weight ω is called rapidly increasing, denoted by ω ∈ I, if
lim
r→1−
∫ 1
r
ω(s) ds
ω(r)(1− r) =∞.
It follows from [30, Lemma 1.1] that I ⊂ D̂. Typical examples of rapidly increasing
weights are
vα(r) =
(
(1− r)
(
log
e
1− r
)α)−1
, 1 < α <∞.
Despite their name, rapidly increasing weights may admit a strong oscillatory
behavior. Indeed, the weight
ω(r) =
∣∣∣∣sin(log 11− r
)∣∣∣∣ vα(r) + 1, 1 < α <∞,
belongs to I but it does not satisfy (2.1) [30, p. 7].
A radial continuous weight ω is called rapidly decreasing if limr→1−
∫ 1
r ω(s) ds
ω(r)(1−r) = 0.
The exponential type weights ωγ,α(r) = (1− r)γ exp
(
−c
(1−r)α
)
, γ ≥ 0, α, c > 0, are
rapidly decreasing. For further information on these classes see [30, Chapter 1]
and the references therein.
The following characterizations of the class D̂ will be frequently used from here
on.
Lemma 1. Let ω be a radial weight. Then the following conditions are equivalent:
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(i) ω ∈ D̂;
(ii) There exist C = C(ω) > 0 and β0 = β0(ω) > 0 such that
ω̂(r) ≤ C
(
1− r
1− t
)β
ω̂(t), 0 ≤ r ≤ t < 1,
for all β ≥ β0;
(iii) There exist C = C(ω) > 0 and γ0 = γ0(ω) > 0 such that∫ t
0
(
1− t
1− s
)γ
ω(s) ds ≤ Cω̂(t), 0 ≤ t < 1,
for all γ ≥ γ0;
(iv) There exists C = C(ω) > 0 such that∫ t
0
s
1
1−tω(s) ds ≤ Cω̂(t), 0 ≤ t < 1.
(v) There exists C = C(ω) > 0 such that
ω̂(r) ≤ Cr− 11−t ω̂(t), 0 ≤ r ≤ t < 1.
(vi) The asymptotic equality
ωx =
∫ 1
0
sxω(s) ds ≍ ω̂
(
1− 1
x
)
,
is valid for any x ≥ 1.
Proof. We are going to prove (i)⇔(ii)⇔(iii)⇒(iv)⇒(v)⇒(i) and (iv)⇔(vi).
Let ω ∈ D̂. If 0 ≤ r ≤ t < 1 and rn = 1 − 2−n for all n ∈ N ∪ {0}, then there
exist k and m such that rk ≤ r < rk+1 and rm ≤ t < rm+1. Hence
ω̂(r) ≤ ω̂(rk) ≤ Cω̂(rk+1) ≤ · · · ≤ Cm−k+1ω̂(rm+1) ≤ Cm−k+1ω̂(t)
= C22(m−k−1) log2 Cω̂(t) ≤ C2
(
1− r
1− t
)log2 C
ω̂(t), 0 ≤ r ≤ t < 1.
On the other hand, it is clear that (ii) implies that ω ∈ D̂. So, we have proved
(i)⇔(ii).
If (ii) is satisfied and γ > β, then
∫ t
0
(
1− t
1− s
)γ
ω(s) ds ≤ C γβ
∫ t
0
(
ω̂(t)
ω̂(s)
) γ
β
ω(s) ds = C
γ
β ω̂(t)
γ
β
∫ t
0
ω(s)
(ω̂(s))
γ
β
ds
≤ β
γ − βC
γ
β ω̂(t), 0 ≤ t < 1.
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Conversely, if (iii) is satisfied, then an integration by parts yields
Cω̂(t) ≥
∫ t
0
(
1− t
1− s
)γ
ω(s) ds
= −ω̂(t) + (1− t)γω̂(0) + γ(1− t)γ
∫ t
0
ω̂(s)
(1− s)γ+1 ds
≥ −ω̂(t) + (1− t)γω̂(0) + γ(1− t)γω̂(r)
∫ r
0
ds
(1− s)γ+1
= −ω̂(t) + (1− t)γ(ω̂(0)− ω̂(r)) +
(
1− t
1− r
)γ
ω̂(r)
≥
(
1− t
1− r
)γ
ω̂(r)− ω̂(t), 0 ≤ r ≤ t < 1,
therefore (ii)⇔(iii).
The proof of [30, Lemma 1.3] shows that (iii) implies (iv), we include a proof
for the sake of completeness. A simple calculation shows that for all s ∈ (0, 1) and
x > 1,
sx−1(1− s)γ ≤
(
x− 1
x− 1 + γ
)x−1(
γ
x− 1 + γ
)γ
≤
(
γ
x− 1 + γ
)γ
.
Therefore (iii), with t = 1− 1
x
, yields∫ 1− 1
x
0
sxω(s) ds ≤
(
γx
x− 1 + γ
)γ ∫ 1− 1
x
0
ω(s)
xγ(1− s)γ s ds
.
∫ 1
1− 1
x
ω(s) ds, x > 1,
which is equivalent to (iv).
On the other hand, if (iv) is satisfied and 0 ≤ r ≤ t < 1, then an integration by
parts yields
Cω̂(t) ≥
∫ t
0
s
1
1−tω(s) ds = −ω̂(t)t 11−t + 1
1− t
∫ t
0
ω̂(s)s
t
1−t ds
≥ −ω̂(t)t 11−t + 1
1− t
∫ r
0
ω̂(s)s
t
1−t ds
≥ −ω̂(t)t 11−t + ω̂(r)
1− t
∫ r
0
s
t
1−t ds = −ω̂(t)t 11−t + r t1−t ω̂(r),
and thus
r
1
1−t ω̂(r) ≤
(
C + t
1
1−t
)
ω̂(t), 0 ≤ r ≤ t < 1.
This implies (v), and by choosing t = 1+r
2
in (v), we deduce ω ∈ D̂ . Finally, it is
clear that (iv) is equivalent to (vi). 
3. Equivalent norms
In this section we shall present several equivalent norms on weighted Bergman
spaces. In particular we shall give a detailed proof of a decomposition norm
theorem for Apω when ω ∈ D̂ and 1 < p <∞.
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It is well-known that a choice of an appropriate norm is often a key step when
solving a problem on a space of analytic functions. For instance, in the study of
the integration operators
Tg(f)(z) =
∫ z
0
f(ζ) g′(ζ) dζ, z ∈ D, g ∈ H(D),
one wants to get rid of the integral symbol, so one looks for norms in terms of the
first derivative. It is worth mentioning that the operator Tg began to be extensively
studied after the appearance of the works by Aleman, Cima and Siskakis [1, 4]. A
description of its resolvent set on Hardy and standard Bergman spaces is strongly
connected with the classical theory of the Muckenhoupt weights and the Bekolle´-
Bonami weights [2, 3].
3.1. Norms in terms of the derivative. Following Siskakis [34], for a radial
weight ω we define its distortion function by
ψω(z) =
1
ω(|z|)
∫ 1
|z|
ω(s) ds, z ∈ D.
For a large class of radial weights, which includes any differentiable decreasing
weight and all the standard ones, the most appropriate way to obtain a useful
norm involving the first derivative is to establish a kind of Littlewood-Paley type
formula [28, Theorem 1.1].
Theorem 2. Suppose that ω is a radial differentiable weight, and there is L > 0
such that
sup
0<r<1
ω′(r)
ω(r)2
∫ 1
r
ω(x) dx ≤ L.
Then, for each p ∈ (0,∞)∫
D
|f(z)|pω(z) dA(z) ≍ |f(0)|p +
∫
D
|f ′(z)|p ψpω(z)ω(z) dA(z), f ∈ H(D).
If ω ∈ I and p 6= 2, a result analogous to Theorem 4 cannot be obtained in
general [30, Proposition 4.2].
Proposition 3. Let p 6= 2. Then there exists ω ∈ I such that, for any function
ϕ : [0, 1)→ (0,∞), the relation
‖f‖p
Apω
≍
∫
D
|f ′(z)|pϕ(|z|)pω(z) dA(z) + |f(0)|p
can not be valid for all f ∈ H(D).
As for a Littlewood-Paley formula for Apω, the following result was proved in [2,
Theorem 3.1].
Theorem 4. Suppose that ω is a weight such that ω(z)
(1−|z|)η satisfies the Bekolle´-
Bonami condition Bp0(η) for some p0 > 0 and some η > −1. Then, for each
p ∈ (0,∞)∫
D
|f(z)|pω(z) dA(z) ≍ |f(0)|p +
∫
D
|f ′(z)|p (1− |z|)p ω(z) dA(z), f ∈ H(D).
(3.1)
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We remark that whenever ω ∈ C1(D) and
(1− |z|)|∇ω(z)| . ω(z), z ∈ D,
(3.1) is equivalent to a Bekolle´-Bonami condition [2, Theorem 3.1].
Now, we consider the non-tangential approach regions
Γ(ζ) =
{
z ∈ D : |θ − arg z| < 1
2
(
1− |z|
r
)}
, ζ = reiθ ∈ D \ {0}
and the related tents T (z) = {ζ ∈ D : z ∈ Γ(ζ)}.
Whenever ω is a radial weight, Apω can be equipped with other norms which are
inherited from the classical Fefferman-Stein estimate [16] and the Hardy-Stein-
Spencer identity [18] for the Hp-norm. Here ω⋆(z) =
∫ 1
|z| ω(s) log
s
|z|s ds, z ∈
D \ {0}.
Theorem 5. Let 0 < p <∞, n ∈ N and f ∈ H(D), and let ω be a radial weight.
Then
‖f‖p
Apω
= p2
∫
D
|f(z)|p−2|f ′(z)|2ω⋆(z) dA(z) + ω(D)|f(0)|p,
and
‖f‖p
Apω
≍
∫
D
(∫
Γ(u)
|f (n)(z)|2
(
1−
∣∣∣z
u
∣∣∣)2n−2 dA(z)) p2 ω(u) dA(u)
+
n−1∑
j=0
|f (j)(0)|p,
where the constants of comparison depend only on p, n and ω. In particular,
‖f‖2A2ω = 4‖f ′‖2A2ω⋆ + ω(D)|f(0)|
2.
Next, we present an equivalent norm for weighted Bergman spaces which has
been very recently used to describe the q-Carleson mesures for Apω when ω ∈ D̂
[31].
Let f ∈ H(D), and define the non-tangential maximal function of f in the
(punctured) unit disc by
N(f)(u) = sup
z∈Γ(u)
|f(z)|, u ∈ D \ {0}.
Lemma 6. [30, Lemma 4.4] Let 0 < p < ∞ and let ω be a radial weight. Then
there exists a constant C > 0 such that
‖f‖p
Apω
≤ ‖N(f)‖p
Lpω
≤ C‖f‖p
Apω
for all f ∈ H(D).
Proof. It follows from [18, Theorem 3.1 on p. 57] that there exists a constant C > 0
such that the classical non-tangential maximal function
f ⋆(ζ) = sup
z∈Γ(ζ)
|f(z)|, ζ ∈ T,
satisfies
‖f ⋆‖pLp(T) ≤ C‖f‖pHp
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for all 0 < p <∞ and f ∈ H(D). Therefore
‖f‖p
Apω
≤ ‖N(f)‖p
Lpω
=
∫
D
(N(f)(u))pω(u) dA(u)
=
∫ 1
0
ω(r)r
∫
T
((fr)
⋆(ζ))p |dζ | dr
≤ C
∫ 1
0
ω(r)r
∫
T
f(rζ)p |dζ | dr = C‖f‖p
Apω
,
and the assertion is proved. 
3.2. Decomposition norm theorems. The main purpose of this section is to
extend [29, Theorem 4] to the case of when ω ∈ D̂. Decomposition norm theorems
have been obtained previously in [24, 25, 26] for several type of mixed norm spaces.
For 0 < p ≤ ∞, 0 < q <∞, and a radial weight ω, the mixed norm spaceH(p, q, ω)
consists of those g ∈ H(D) such that
‖g‖qH(p,q,ω) =
∫ 1
0
M qp (r, g)ω(r) dr <∞.
If in addition −∞ < β <∞, we will denote g ∈ H(p,∞, ω̂β), whenever
‖g‖H(p,∞,ω̂β) = sup
0<r<1
Mp(r, g)ω̂(r)
β <∞.
It is clear that H(p, p, ω) = Apω. The mixed norm spaces play an essential role in
the closely related question of studying the coefficient multipliers and the gener-
alized Hilbert operator
Hg(f)(z) =
∫ 1
0
f(t)g′(tz) dt, g ∈ H(D),
on Hardy and weighted Bergman spaces [6, 17, 29].
In order to give the precise statement of the main result of this section, we need
to introduce some more notation. To do this, let ω be a radial weight such that∫ 1
0
ω(r) dr = 1. For each α > 0 and n ∈ N ∪ {0}, let rn = rn(ω, α) ∈ [0, 1) be
defined by
ω̂(rn) =
∫ 1
rn
ω(r) dr =
1
2nα
. (3.2)
Clearly, {rn}∞n=0 is an increasing sequence of distinct points on [0, 1) such that
r0 = 0 and rn → 1−, as n→∞. For x ∈ [0,∞), let E(x) denote the integer such
that E(x) ≤ x < E(x) + 1, and set Mn = E
(
1
1−rn
)
for short. Write
I(0) = Iω,α(0) = {k ∈ N ∪ {0} : k < M1}
and
I(n) = Iω,α(n) = {k ∈ N :Mn ≤ k < Mn+1}
for all n ∈ N. If f(z) =∑∞n=0 anzn is analytic in D, define the polynomials ∆ω,αn f
by
∆ω,αn f(z) =
∑
k∈Iω,α(n)
akz
k, n ∈ N ∪ {0}.
Theorem 7. Let 1 < p < ∞, 0 < α < ∞ and ω ∈ D̂ such that ∫ 1
0
ω(r) dr = 1,
and let f ∈ H(D).
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(i) If 0 < q <∞, then f ∈ H(p, q, ω) if and only if
∞∑
n=0
2−nα‖∆ω,αn f‖qHp <∞.
Moreover,
‖f‖H(p,q,ω) ≍
( ∞∑
n=0
2−nα‖∆ω,αn f‖qHp
)1/q
.
(ii) If 0 < β <∞, then f ∈ H(p,∞, ω̂β) if and only if
sup
n
2−nαβ‖∆ω,αn f‖Hp <∞.
Moreover,
‖f‖H(p,∞,ω̂β) ≍ sup
n
2−nαβ‖∆ω,αn f‖Hp.
The proof of Theorem 7 follows that of [30, Theorem 4], and it only distinguishes
from it because of the technicalities of broadening the class R ∪ I to D̂. Some
previous results are needed. Recall that a function h is called essentially decreasing
if there exists a positive constant C = C(h) such that h(x) ≤ Ch(y) whenever
y ≤ x. Essentially increasing functions are defined in an analogous manner.
Lemma 8. Let ω ∈ D̂ such that ∫ 1
0
ω(r) dr = 1. For each α > 0 and n ∈ N∪{0},
let rn = rn(ω, α) ∈ [0, 1) be defined by (3.2). Then the following assertions hold:
(i) For each γ > 0, there exists C = C(α, γ, ω) > 0 such that
ηγ(r) =
∞∑
n=0
2nγrMn ≤ C ω̂(r)− γα , 0 ≤ r < 1. (3.3)
(ii) For each 0 < β < 1, there exists C = C(α, β, ω) > 0 such that
2−nαβ
∫ 1
0
rMnω(r)
ω̂(r)β
dr ≤ C
∫ 1
0
rMnω(r) dr. (3.4)
Proof. (i). We will begin with proving (3.3) for r = rN , where N ∈ N. To do this,
note first that
N∑
n=0
2nγrMnN ≤
2γ
2γ − 1 ω̂(rN)
− γ
α (3.5)
by (3.2). To deal with the remainder of the sum, we apply Lemma 1(ii) and (3.2)
to find β = β(ω) > 0 and C = C(β, ω) > 0 such that
1− rn
1− rn+j ≥ C
(
ω̂(rn)
ω̂(rn+j)
)1/β
= C2
jα
β , n, j ∈ N ∪ {0}.
This, the inequality log 1
x
≥ 1− x, 0 < x ≤ 1, and (3.2) give
∞∑
n=N+1
2nγrMnN ≤ 2Nγ
∞∑
j=1
2jγe
−rN+j 1−rN1−rN+j ≤ 2Nγ
∞∑
j=1
2jγe−r2C2
jα
β
= C(β, α, γ, ω) ω̂(rN )
− γ
α .
Since β = β(ω), this together with (3.5) gives (3.3) for r = rN , where N ∈ N.
Now, using standard arguments, it implies (3.3) for any r ∈ (0, 1).
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(ii). Let us write ω˜(r) = ω(r)
ω̂(r)β
. Clearly,
2−nαβ
∫ rn
0
rMnω˜(r) dr ≤ 2
−nαβ
ω̂(rn)β
∫ rn
0
rMnω(r) dr ≤
∫ 1
0
rMnω(r) dr. (3.6)
Moreover, [30, Lemma 1.4 (iii)] yields
2−nαβ
∫ 1
rn
rMnω˜(r) dr ≤ 2−nαβω˜(rn)ψω˜(rn) = 2
−nαβ
1− β ω˜(rn)ψω(rn)
=
1
1− β
∫ 1
rn
ω(r) dr ≤ C(β, α, ω)
∫ 1
rn
rMnω(r) dr.
(3.7)
By combining (3.6) and (3.7) we obtain (ii). 
We now present a result on power series with positive coefficients. This result
will play a crucial role in the proof of Theorem 7.
Proposition 9. Let 0 < p, α < ∞ and ω ∈ D̂ such that ∫ 1
0
ω(r) dr = 1. Let
f(r) =
∑∞
k=0 akr
k, where ak ≥ 0 for all k ∈ N∪{0}, and denote tn =
∑
k∈Iω,α(n) ak.
Then there exists a constant C = C(p, α, ω) > 0 such that
1
C
∞∑
n=0
2−nαtpn ≤
∫ 1
0
f(r)pω(r) dr ≤ C
∞∑
n=0
2−nαtpn. (3.8)
Proof. We will use ideas from the proof of [23, Theorem 6]. The definition (3.2)
yields
∫ 1
0
f(r)pω(r) dr ≥
∞∑
n=0
∫ rn+2
rn+1
( ∞∑
k=0
tkr
Mk+1
)p
ω(r) dr
≥
∞∑
n=0
(
n∑
k=0
tkr
Mk+1
n+1
)p ∫ rn+2
rn+1
ω(r) dr
≥
(
1− 1
2α
) ∞∑
n=0
tpnr
pMn+1
n+1 2
(−n−1)α ≥ C
∞∑
n=0
tpn2
−nα,
where C = C(p, α, ω) > 0 is a constant. This gives the first inequality in (3.8).
To prove the second inequality in (3.8), let first p > 1 and take 0 < γ < α
p−1 .
Then Ho¨lder’s inequality gives
f(r)p ≤
( ∞∑
n=0
tnr
Mn
)p
≤ ηγ(r)p−1
∞∑
n=0
2−nγ(p−1)tpnr
Mn.
Therefore, by (3.3) and (3.4) in Lemma 8 and Lemma 1(vi) there exist constants
C1 = C1(α, γ, p, ω) > 0, C2 = C2(α, γ, p, ω) > 0 and C3 = C3(α, γ, p, ω) > 0 such
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that ∫ 1
0
f(r)pω(r) dr ≤
∞∑
n=0
2−nγ(p−1)tpn
∫ 1
0
rMnηγ(r)
p−1ω(r) dr
≤ C1
∞∑
n=0
2−nγ(p−1)tpn
∫ 1
0
rMnω(r)
ω̂(r)
γ(p−1)
α
dr
≤ C2
∞∑
n=0
tpn
∫ 1
0
rMnω(r) dr
≤ C3
∞∑
n=0
tpn ω̂(rn) dr = C3
∞∑
n=0
tpn2
−nα.
Since γ = γ(α, p), this gives the assertion for 1 < p <∞.
If 0 < p ≤ 1, then
f(r)p ≤
( ∞∑
n=0
tnr
Mn
)p
≤
∞∑
n=0
tpnr
Mnp,
so using Lemma 1(vi) and (ii), there exists a constant C1 = C1(α, γ, p, ω) > 0 such
that ∫ 1
0
f(r)pω(r) dr ≤
∞∑
n=0
tpn
∫ 1
0
rpMnω(r) dr
≤ C1
∞∑
n=0
tpn ω̂(rn) = C1
∞∑
n=0
tpn2
−nα.
This finishes the proof. 
Next, for g(z) =
∑∞
k=0 bkz
k ∈ H(D) and n1, n2 ∈ N ∪ {0}, we set
Sn1,n2g(z) =
n2−1∑
k=n1
bkz
k, n1 < n2.
The chain of inequalities
rn2‖Sn1,n2g‖Hp ≤Mp(r, Sn1,n2g) ≤ rn1‖Sn1,n2g‖Hp, 0 < r < 1, (3.9)
follows from [24, Lemma 3.1].
Lemma 10. Let 0 < p ≤ ∞ and n1, n2 ∈ N with n1 < n2. If g(z) =
∑∞
k=0 ckz
k ∈
H(D), then
‖Sn1,n2g‖Hp ≍Mp
(
1− 1
n2
, Sn1,n2g
)
.
Proof of Theorem 7. (i). By the M. Riesz projection theorem and (3.9),
‖f‖H(p,q,ω) &
∞∑
n=0
‖∆ω,αn f‖qHp
∫ rn+2
rn+1
rqMn+1ω(r) dr
≍
∞∑
n=0
‖∆ω,αn f‖qHp
∫ rn+2
rn+1
ω(r) dr ≍
∞∑
n=0
2−nα‖∆ω,αn f‖qHp.
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On the other hand, Minkowski’s inequality and (3.9) give
Mp(r, f) ≤
∞∑
n=0
Mp(r,∆
ω,α
n f) ≤
∞∑
n=0
rMn‖∆ω,αn f‖Hp, (3.10)
and hence Proposition 9 yields
‖f‖H(p,q,ω) ≤
∫ 1
0
( ∞∑
n=0
rMn‖∆ω,αn f‖Hp
)q
ω(r) dr ≍
∞∑
n=0
2−nα‖∆ω,αn f‖qHp.
(ii). Using again the M. Riesz projection theorem and (3.9) we deduce
sup
0<r<1
Mp(r, f) ω̂(r)
β & r
Mn+1
n+1 ‖∆ω,αn f‖Hp2−nαβ, n ∈ N ∪ {0},
and hence
‖f‖H(p,∞,ω̂β) & sup
n
2−nαβ‖∆ω,αn f‖Hp.
Conversely, assume that M = supn 2
−nαβ‖∆ω,αn f‖Hp < ∞. Then (3.10) and
Lemma 8(i) yield
Mp(r, f) ≤
∞∑
n=0
rMn‖∆ω,αn f‖Hp ≤M
∞∑
n=0
2nαβrMn .Mω̂(r)−β.
This finishes the proof. ✷
It is worth mentioning that Theorem 7 does not remain valid for 0 < p ≤ 1.
But the part that is true in this case is contained in the next result.
Proposition 11. Let 0 < p ≤ 1, 0 < α <∞ and ω ∈ D̂ such that ∫ 1
0
ω(r) dr = 1.
(i) If 0 < q <∞, then
‖f‖H(p,q,ω) .
( ∞∑
n=0
2−nα‖∆ω,αn f‖qHp
)1/q
, f ∈ H(D).
(ii) If 0 < β <∞, then
‖f‖H(p,∞,ω̂β) . sup
n
2−nαβ‖∆ω,αn f‖Hp, f ∈ H(D).
Proposition 11 follows from the inequality
Mpp (r, f) ≤
∞∑
n=0
Mpp (r,∆
ω
nf) ≤
∞∑
n=0
rpMn‖∆ωnf‖pHp,
(3.9) and Proposition 9. See also [32, Lemma 8].
4. Bergman Projection
4.1. One weight inequality. The boundedness of projections on Lp-spaces is an
intriguing topic which has attracted a lot attention in recent years [5, 11, 12, 13,
19, 32, 35, 37]. In fact, as far as we know, to characterize those radial weights for
which Pω : L
p
ω → Lpω is bounded, is still an open problem [12, p. 116].
For the class of standard weights, the Bergman projection Pα (as well as P
+
α ) is
bounded on Lpα if and only if 1 < p <∞ [37, Theorem 4.24]. As for p =∞, Pα is
bounded and onto from L∞ to B. Here B [37, Chapter 5] denotes the Bloch space
that consists of f ∈ H(D) such that
‖f‖B = sup
z∈D
|f ′(z)|(1− |z|2) + |f(0)| <∞.
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These results have been recently extended to the class of regular weights [32].
Theorem 12. Let 1 < p <∞.
(i) If ω ∈ R, then P+ω : Lpω → Lpω is bounded. In particular, Pω : Lpω → Apω is
bounded.
(ii) If ω ∈ R, then Pω : L∞(D)→ B is bounded.
In the original source [32], Theorem 12 (i) is obtained as a consequence of The-
orem 17 below. Here, we shall offer a simple proof of this result. Both arguments
use strongly precise Lp-estimates of the Bergman reproducing kernels [32].
Theorem 13. Let 0 < p < ∞, ω ∈ D̂ and N ∈ N ∪ {0}. Then the following
assertions hold:
(i) Mpp
(
r, (Bωa )
(N)
)
≍
∫ |a|r
0
dt
ω̂(t)p(1− t)p(N+1) , r, |a| → 1
−.
(ii) If v ∈ D̂, then
‖ (Bωa )(N) ‖pApv ≍
∫ |a|
0
v̂(t)
ω̂(t)p(1− t)p(N+1) dt, |a| → 1
−.
We would like to mention that Theorem 4 and [29, Theorem 4] play important
roles in the proof of this result. Besides, we use strongly Lemma 1, in particular
the description of the class D̂ in terms of the moments of the weights∫ 1
0
sxω(s) ds ≍ ω̂
(
1− 1
x
)
, x ∈ [1,∞).
Now, we offer a simple proof of the one weight inequality for regular weights.
Proof of Theorem 12 (i). Let 1 < p < ∞ and ω ∈ R. Let h = ω̂− 1pp′ , where
1
p
+ 1
p′
= 1. Since p > 1, [30, Lemma 1.4(iii)] shows that hp
′
ω is a weight with
ψhp′ω =
p
p−1ψω, and thus h
p′ω ∈ R. Since ω ∈ D̂, by Lemma 1(ii) there exists
β = β(ω) such that ω̂(s)(1− s)−β is essentially increasing on [0, 1). On the other
hand, since ω ∈ R there is α = α(ω) > 0 with α ≤ β such that ω̂(s)(1 − s)−α is
essentially decreasing, see [30, (ii) p. 10]. By using this and hp
′
ω ∈ R we deduce∫ r
0
ĥp
′
ω(s)
ω̂(s)(1− s) ds ≍
∫ r
0
ds
ω̂(s)
1
p (1− s)
≍ 1
ω̂(r)
1
p
= hp
′
(r), r ≥ 1
2
. (4.1)
By symmetry, a similar reasoning applies when p′ is replaced by p, and hence we
may use Theorem 13(ii) and (4.1) to deduce∫
D
|Bω(z, ζ)|hp′(ζ)ω(ζ) dA(ζ)≍ hp′(z), z ∈ D,
and ∫
D
|Bω(z, ζ)|hp(z)ω(z) dA(z) ≍ hp(ζ), ζ ∈ D.
It follows from Schur’s test [37, Theorem 3.6] that P+ω : L
p
ω → Lpω is bounded. ✷
The situation is different for ω ∈ I because then P+ω is not bounded on Lpω [32].
This result points out that many finer function-theoretic properties of Apα do not
carry over to Apω induced by ω ∈ I.
Concerning rapidly decreasing weights, Dostanic [12] proved that the Bergman
projection is bounded on Lpv only for p = 2 in the case of Bergman spaces with
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the exponential type weights w(r) = (1 − r2)A exp
(
−B
(1−r2)α
)
, A ∈ R, B, α > 0.
The next result proves that it is a general phenomenon which holds for rapidly
decreasing and smooth weights [11, 35].
Proposition 14. Assume that ω(r) = e−2ϕ(r) is a radial weight such that ϕ is a
positive C∞-function, ϕ′ is positive on [0, 1), limr→1− ϕ(r) = limr→1− ϕ′(r) = +∞
and
lim
r→1−
ϕ(n)(r)
(ϕ′(r))n
= 0, for any n ∈ N \ {1}. (4.2)
Then, the Bergman projection is bounded from Lpω to L
p
ω only for p = 2.
Consequently, if ω a rapidly decreasing weight, it is natural to look for a subs-
titute for the boundedness of the Bergman projection Pω. Inspired by the Fock
space setting, the following result has been proved for a canonical example [11].
Theorem 15. Let ω(r) = exp
(− α
1−r
)
,α > 0, and 1 ≤ p <∞. Then, the Bergman
projection Pω is bounded from L
p
ωp/2
to Ap
ωp/2
.
The approach to prove this result relies on an instance of Schur’s test and accu-
rate estimates for the integral means of order one of the corresponding Bergman
reproducing kernel [11, Proposition 5].
Proposition 16. Let ω(r) = exp
(− α
1−r
)
, α > 0, and let K(z) =
∑∞
n=0
zn
2ω2n+1
.
Then, there is a positive constant C such that
M1(r,K) ≍
exp
(
α
1−√r
)
(1− r) 32 , r → 1
−.
These estimates are obtained by using two key tools; the sharp asymptotic
estimates obtained in [21] for the moments of the weight in terms of the Legendre-
Fenchel transform, and an upper estimate of M1(r,K) by the l
1-norm of the H1-
norms of the Hadamard product of Kr with certain smooth polynomials.
Finally, we mention that a generalization of Theorem 14 for a class of not
necessarily radial weights has been achieved in [5, Theorem 4.1]. Their approach
is different from that of [11], it uses ideas from [22] and Ho¨rmander-Berndtsson
L2-estimates for solutions of the ∂¯-equation [10, 20].
We refer to [13, 36] for other results concerning the particular case ω = v in
(1.1).
4.2. Two weight inequality. As it has been commented before, the weights v
satisfying (1.1) when ω is an standard weight and 1 < p <∞, were characterized
by Bekolle´ and Bonami [7, 8]. Recently [33], it has been proved the following
quantitative version of this result
‖P+α (f)‖Lp
v(1−|z|2)α
≤ C(p, α)Bp,α (v) ‖f‖Lp
v(1−|z|2)α
,
where Bp,α(v) was defined in (1.2). With regard to the case p = 1, we define the
weighted maximal function
Mα(ω)(z) = sup
z∈S(a)
ω(S(a))
Aα (S(a))
, z ∈ D.
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It is known [8, 9] that the weak (1, 1) inequality holds (and its analogue replacing
Pα by P
+
α )
ω ({z ∈ D : |Pα(f)(z)| > λ}) ≤ Cα,ω
||f ||L1ω
λ
if and only if the weighted maximal function satisfies
Mα(ω)(z) ≤ C ω(z)
(1− |z|)α , z ∈ D.
As far as we know, apart from Bekolle´-Bonami’s results [7, 8] on the standard
Bergman projection Pα very little is known about (1.1) when ω 6= v. We note that
[5, Theorem 4.1] or [11, Theorem 1] may be seen as positive examples for (1.1)
in the context of rapidly increasing weights. A recent result [32] describes those
regular weights ω and v for which (1.1) holds for 1 < p <∞.
Theorem 17. Let 1 < p < ∞ and ω, v ∈ R. Then the following conditions are
equivalent:
(a) P+ω : L
p
v → Lpv is bounded;
(b) Pω : L
p
v → Lpv is bounded;
(c) sup
0<r<1
v̂(r)
1
p
(∫ 1
r
(
ω(s)
v(s)
)p′
v(s)ds
) 1
p′
ω̂(r)
<∞;
(d) sup
0<r<1
ω(r)p(1− r)p−1
v(r)
∫ r
0
v(s)
ω(s)p(1− s)p ds <∞;
(e) sup
0<r<1
(∫ r
0
v(s)
ω(s)p(1− s)p ds
) 1
p
(∫ 1
r
(
ω(s)
v(s)
)p′
v(s)ds
) 1
p′
<∞;
(f) sup
0<r<1
v̂(r)
1
p
∫ 1
r
ω(s)
((1−s)v(s))1/p ds
ω̂(r)
<∞;
(g) sup
0<r<1
ω(r)(1− r) 1p′
v(r)1/p
∫ r
0
v(s)
1
p
ω(s)(1− s)1+ 1p′
ds <∞.
It is worth noticing that condition (f) above makes sense also for p = 1, and it
turns out to be the condition that describes those regular weights such that Pω is
bounded on L1v [32].
Theorem 18. Let ω, v ∈ R. Then the following conditions are equivalent:
(a) Pω : L
1
v → L1v is bounded;
(b) P+ω : L
1
v → L1v is bounded;
(c) sup
0<r<1
ω(r)
v(r)
∫ r
0
v̂(s)
ω̂(s)(1− s) ds <∞;
(d) sup
0<r<1
v̂(r)
ω̂(r)
∫ 1
r
ω(s)
v(s)(1− s) ds <∞.
References
[1] A. Aleman, J. A. Cima, An integral operator on Hp and Hardy’s inequality, J. Anal. Math.
85 (2001), 157-–176.
[2] A. Aleman and O. Constantin, Spectra of integration operators on weighted Bergman spaces,
J. Anal. Math. 109 (2009), 199–231.
16 JOSE´ A´NGEL PELA´EZ AND JOUNI RA¨TTYA¨
[3] A. Aleman and J. A. Pela´ez, Spectra of integration operators and weighted square functions,
Indiana Univ. Math. J. 61. n. 2, (2012), 775–793.
[4] A. Aleman and A. Siskakis, Integration operators on Bergman spaces, Indiana Univ. Math.
J. 46 (1997), 337–356.
[5] A. Arouchi and J. Pau, Reproducing kernel estimates, bounded projections and duality on
large weighted Bergman spaces, to appear in J. Geom. Anal. DOI 10.1007/s12220-014-9513-
2.
[6] M. Arsenovic´, M. Jevtic´ and D. Vukotic´, Taylor coefficients of analytic functions and coef-
ficients multipliers, preprint.
[7] D. Bekolle´ and A. Bonami, Ine´galite´s a´ poids pour le noyau de Bergman, (French) C. R.
Acad. Sci. Paris Se´r. A-B 286 no. 18 (1978), 775–778.
[8] D. Bekolle´, Ine´galite´s a´ poids pour pour le projecteur de Bergman dans la boule unite´ de
Cn, Studia Math. 71 (1981/82), 305–323.
[9] D. Bekolle´, Projections sur des espaces de fonctions holomorphes dans des domaines plans,
Can J. Math. 38 (1986), 127–157.
[10] B. Berndtsson, Weighted estimates for the ∂¯-equation Complex analysis and geometry
(Columbus, OH, 1999), 43.57, Ohio State University, Mathematical Research Institute Pub-
lications 9, de Gruyter, Berlin (2001).
[11] O. Constantin and J. A. Pela´ez, Boundedness of the Bergman projection on Lp spaces with
exponential weights, to appear in Bull. Sci. Math. DOI: 10.1016/j.bulsci.2014.08.012.
[12] M. Dostanic, Unboundedness of the Bergman projections on Lp spaces with exponential
weights, Proc. Edinb. Math. Soc. 47 (2004), 111–117.
[13] M. Dostanic, Boundedness of the Bergman projections on Lp spaces with radial weights,
Pub. Inst. Math. 86 (2009), 5–20.
[14] P. Duren, Theory of Hp Spaces, Academic Press, New York-London 1970.
[15] P. L. Duren and A. P. Schuster, Bergman Spaces, Math. Surveys and Monographs, Vol.
100, American Mathematical Society: Providence, Rhode Island, 2004.
[16] C. Fefferman and E. M. Stein, Hp spaces of several variables, Acta Math. 129 no. 3-4 (1972),
137—193.
[17] P. Galanopoulos, D. Girela, J. A. Pela´ez and A. Siskakis, Generalized Hilbert operators,
Ann. Acad. Sci. Fenn 39 n.1 (2014), 231-258.
[18] J. Garnett, Bounded analytic functions, Academic Press, New York, 1981.
[19] H. Hedenmalm, B. Korenblum and K. Zhu, Theory of Bergman Spaces, Graduate Texts in
Mathematics, Vol. 199, Springer, New York, Berlin, etc. 2000.
[20] L. Ho¨rmander, An Introduction to Complex Analysis in Several Variables, 3rd edn. North-
Holland, Amsterdam (1990)
[21] T. L. Kriete, Laplace Transform Asymptotics, Bergman Kernels and Composition Opera-
tors, Operator Theory, Advances and Applications, 143, 225–272.
[22] J. Marzo and J.Ortega-Cerda´, Pointwise estimates for the Bergman kernel of the weighted
Fock space. J. Geom. Anal. 19 (2009), 890–910.
[23] M. Mateljevic´ and M. Pavlovic´, Lp-behaviour of power series with positive coefficients and
Hardy spaces, Proc. Amer. Math. Soc. 87 (1983), 309–316.
[24] M. Mateljevic´ and M. Pavlovic´, Lp behaviour of the integral means of analytic functions,
Studia Math. 77 (1984), 219–237.
[25] M. Pavlovic´, Mixed norm spaces of analytic and harmonic functions, I., Publ. Math. 40
(1986) 117–141.
[26] M. Pavlovic´, Mixed norm spaces of analytic and harmonic functions, II., Publ. Math. 41
(1987) 97–110.
[27] M. Pavlovic´, Introduction to function spaces on the Disk, Posebna Izdanja [Special Editions]
20, Matematicˇki Institut SANU, Beograd, 2004.
[28] M. Pavlovic´ and J. A. Pela´ez, An equivalence for weighted integrals of an analytic function
and its derivative. Math. Nachr. 281 n. 11 (2008), 1612–1623.
[29] J. A. Pela´ez and J. Ra¨ttya¨, Generalized Hilbert operators on weighted Bergman spaces,
Adv. Math. 240 (2013), 227-267.
[30] J. A. Pela´ez and J. Ra¨ttya¨, Weighted Bergman spaces induced by rapidly increasing weights,
Mem. Amer. Math. Soc. 227 n. 1066 (2014).
ON THE BOUNDEDNESS OF BERGMAN PROJECTION 17
[31] J. A. Pela´ez and J. Ra¨ttya¨, Embedding theorems for Bergman spaces via harmonic analysis,
to appear in Math. Annalen, DOI: 10. 1007/s00208-014-1108-5.
[32] J. A. Pela´ez and J. Ra¨ttya¨, Two weight inequality for Bergman projection, preprint, sub-
mitted.
[33] S. Pott and M.C. Reguera, Sharp Bekolle´ esrtimate for the Bergman projection, J. Funct.
Anal., 265 (2013), 3233–3244.
[34] A. Siskakis, Weighted integrals and conjugate functions in the unit disk, Acta Sci. Math.
(Szeged) 66 (2000), 651–664.
[35] Y. E. Zeytuncu, Lp regularity of weighted Bergman projections, Trans. Amer. Math. Soc.
365 n. 6 (2013), 2959–2976.
[36] Y. E. Zeytuncu, Lp regularity of some weighted Bergman projections on the unit disc,
Turkish J. Math 36 n.3 (2013), 386–394.
[37] K. Zhu, Operator Theory in Function Spaces, Second Edition, Math. Surveys and Mono-
graphs, Vol. 138, American Mathematical Society: Providence, Rhode Island, 2007.
Departamento de Ana´lisis Matema´tico, Universidad de Ma´laga, Campus de Teati-
nos, 29071 Ma´laga, Spain
E-mail address : japelaez@uma.es
University of Eastern Finland, P.O.Box 111, 80101 Joensuu, Finland
E-mail address : jouni.rattya@uef.fi
